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Abstract—The S-ALOHA (i.e. slotted-ALOHA) protocol is
recently regaining interest in Lower Power Wide Area Networks
(LPWAN) handling M2M traffic. Despite intensive studies since
the birth of S-ALOHA, the special features of M2M traffic
and requirements highlight the importance of analytical models
taking into account performance-affecting factors and giving a
thorough performance evaluation. Fulfilling this necessity is the
main focus of this paper: we jointly consider the impact of
capture effect, diversity of transmit power levels with imperfect
power control. We propose a low-complexity but still accurate
analytical model capable of evaluating S-ALOHA in terms
of packet loss rate, throughput, energy-efficiency and average
number of transmissions. The proposed model is able to facilitate
dimensioning and design of S-ALOHA based LPWAN. The
comparison between simulation and analytical results confirms
the accuracy of our proposed model. The design guides about
S-ALOHA based LPWAN deduced from our model are: the
imperfect power control can be positive with capture effect
and and appropriate transmit power diversity strategy. The
transmit power diversity strategy should be determined by jointly
considering network charges level, power control precision and
capture ratio to achieve optimal performance of S-ALOHA.
Keywords—S-ALOHA, Capture effect, Fixed point analysis,
Characteristic function.
I. INTRODUCTION
Machine-Type Communication (MTC) is expected to gain
more popularity in the next decade. The research efforts to
well accommodate the traffic from MTC can be classified
into the following two categories: 1) design from scratch
dedicated networks, also called Low Power Wide Area Net-
work (LPWAN); 2) evolve from existing wireless networks,
such LTE-M/NB-IoT networks [1]. However, the MTC traffic
exhibits lots of features different from traditional human-to-
human communication: large number of connected terminals,
small payload but frequent requests. These features pose big
challenges for wireless networks based on resource reservation
multiple access protocol and make the LPWAN networks more
attractive for MTC [2].
Due to its simplicity and low requirement for terminals, the
performance study of of ALOHA-based protocol is regaining
interest in the context of the LPWAN in recent years. The
objectives of studies are usually analyzing throughput, packet
loss rate, etc. In a radio communication system, factors such
as capture effect, diversity of transmit power levels, power
control precision, among with others, have a significant impact
on ALOHA-like multiple access protocol.
Lots of researches related to ALOHA-like protocol have
been done by taking into account some of the aforementioned
factors. Lamaire et al. [3] derive the optimal transmit power
distribution under three models: perfect capture model, signal-
to-interference threshold with and without Rayleigh fading
model. Altman et al. [4] propose to differentiate transmission
priority by using different transmit power and convert it as
a game problem. Both [3][4] ignore the impact of power
control error for the transmit power distribution. Yang et al. [5]
analyze backoff algorithms for LTE Random Access Channel
(RACH), which employ ALOHA-like protocol. Nielsen et
al. [6] analyze the outage probability for LTE four-steps
random access mechanism. Both [5][6] use an analytical
model adapted from Bianchi model [7]. Zozor et al. [8] study
collision probability for the pure time-frequency ALOHA
access via stochastic geometry approach and calculate the load
capacity according to a maximal packet loss rate. Goursaud
et al. [9] consider the carrier frequency uncertainty issue
and study ALOHA protocol behavior. However [5][6][7][8][9]
have not taken into account the capture effect and diversity of
transmit power. Bayrakdar et al. [10] evaluate the throughput
performance of S-ALOHA based cognitive radio network
under Rayleigh fading channels with capture effect, but with
identical transmit power in each transmission.
As far as we know, few works about S-ALOHA protocol
jointly consider the impact of capture effect, power control
error, diversity of transmit power levels, and give a multi-
criteria performance analysis for M2M environment. In this
paper, we propose an analytical model to study the steady-
state performance of S-ALOHA including packet loss rate,
throughput, energy-efficiency and average number of transmis-
sion under two situations: 1) ideal system with perfect power
control; 2) wide-band system with imperfect power control.
In the proposed model, the basic idea is to numerically obtain
cumulative distribution function (CDF) of total interference
from its characteristic function (CF) to calculate the capture
probability (thus the transmission failure probability for a
single trial). We then use a fixed point analysis to calculate
the steady state packet loss rate, throughput, energy-efficiency
and average number of transmissions.
The remainder of the paper is organized as follows: Sec. II
presents the system model. Sec. III is the performance analysis
about S-ALOHA in ideal systems, i.e., without power control
and fading. Sec. IV takes into account imperfect power control
under wide-band system. Sec. V proves the accuracy of
proposed model by simulation and and give some deduced
design guidelines. Sec. VI concludes this paper.
II. SYSTEM MODEL
We consider a single base station. Terminals served by this
base station employ S-ALOHA protocol to transmit packets.
The behavior of different terminals is independent. The time
axis is divided into slots of fixed length T equal to the
transmission time of a single packet. The fresh arrival packet
is modeled as a stationary Poisson process with mean intensity
λ. Thus, the fresh packet arrival rate in unit slot is α = λT .
In terms of capture effect, Signal-to-Interference-and-Noise
ratio (SINR) threshold model is applied. In such a model,
the other simultaneous packet transmissions are interference
sources for a given transmission. One packet transmission
is failed if and only if its received SINR is less than a
threshold Tthres (also named capture ratio), which depends on
the modulation coding and receiver characteristics [11]. In
case of transmission failure, the retransmission is scheduled
after a random number of slots. Each packet is allowed to be
retransmitted at most K times.
Since retransmissions take place at random over long in-
tervals following the collisions that give rise to them and
according to Poisson’s splitting property [12], the aggregate
packet arrival process can be divided into K + 1 mutually
independent Poisson arrivals processes, each with mean inten-
sity αPk , where Pk is the steady-state probability for a packet
to make at least k retransmissions. Note that P0 is always 1
and PK+1 is the steady-state packet loss rate. The steady-state
throughput is α (1− PK+1).
It is difficult for low-cost M2M terminals to support compli-
cated transmit power level diversity strategies. In our model,
we employ a simple method to adjust the transmit power: for
each retransmission, the transmit power level is multiplied by a
factor v. According the value of v, we define three strategies to
be evaluated:a) identical power level v = 1; b) power increase
with factor v > 1; c) power decrease with factor v < 1. One
device is assumed to have a valid transmit power interval. For
the first and second strategies, the transmit level starts from
the minimum valid power level. For the last strategy, the last
transmission trial (i.e., for the Kth retransmission) use the
minimum valid power level.
Let pk be the received power at the base station for
the kth retransmission, due to capture effect, given that the
background noise is negligible compared to interfering trans-
missions, the failure probability Qk of a kth retransmission
is thus Qk = Pr {pk/I < Tthres}, where I is the cumulative
interference caused by all other simultaneous transmissions.
Thus, Qk is by nature a function of probability vector
〈P0, P1, ..., PK〉. We thus obtain a fixed point equation array
between 〈P0, P1, ..., PK+1〉 and 〈Q0, Q1, ..., QK〉 as follows:
P0 = 1; P1 = P0Q0; ...; PK+1 = PKQK (1)
Starting with 〈1, 0, 0, ..., 0〉 for P0, P1, ..., PK , PK+1, we iter-
atively obtain the probability vector 〈P0, P1, ..., PK , PK+1〉.
Apart from steady-state packet loss rate and throughput, the
probability vector 〈P0, P1, ..., PK , PK+1〉 allows to analyze
average energy efficiency EE. The latter is defined as the ratio
between number of delivered packets and the total energies
consumed (including for dropped packets). For an ergodic
stochastic process, statistical average of energy efficiency can
be well approximated by its temporal average. Note that what
we care is the impact of transmit power diversity and power
control error on average energy efficiency. The attenuation
caused by propagation distance can be ignored without affect-
ing the performance comparison result. The average energy
efficiency thus can be expressed in terms of received powers:
EE =
1− PK+1∑K
k=0 PkJk
, (2)
where Jk = pkT is the average energy consumed by a packet
on kth retransmission.
The expected number of transmissions NTx. This metric
allows to give an overview about the average delay of S-
ALOHA.
NTx =
K∑
k=0
Pk
In the following, we show how to numerically calculate
probability vector of interest under two situations: ideal sys-
tem without power control error and wide-band system with
imperfect power control.
III. IDEAL SYSTEMS WITH PERFECT POWER CONTROL
In this section we assume the power control is perfect. Fad-
ing and shadowing effect is ignored. At the first transmission,
all terminals transmit at a power such that the received power
at the base station is constant. Let cref be that power. At
each retransmission, the power is multiplied by a factor v.
Hence, at the kth re-transmission (note that k = 0 for the first
transmission), the received power pk is vkcref.
In order to keep received power levels as integer, we assume
that v can be expressed v = l/m where l and m are
integers, and compute power levels normalized by cref/m
K
.
Hence, at the kth transmission, the normalized received power
is pk = lkmK−k. Its corresponding normalized cumulative
interference Y =
∑K
k=0 Zk =
∑K
k=0
∑Nk
j=1 l
kmK−k, where
Zk =
∑Nk
j=1 l
kmK−k refers to the normalized cumulative
interference from kth retransmission Poisson process and Nk
denotes the number of packets on kth retransmission following
Poisson distribution with average arrival rate αPk.
The cumulative interference component Zk is a compound
random variable [13], whose Laplace transform is detailed in
Appendix A. Applying (11), we have:
L{Zk} (s) = exp
{
αPk
(
exp(−slkmK−k)− 1
)}
,
where L{f(·)} (s) is the Laplace transform operator with
complex variable s for function f(·) .
Since the series of random variables Zk, k = 0, ...,K are
independent, the Laplace transform of Y is:
L{Y } (s) =
K∏
m=0
L{Zk} (s)
= exp
{
α
(
K∑
k=0
Pk exp(−sl
kmK−k)−
K∑
k=0
Pk
)}
With a substitution s = −iω, we obtain the characteristic
function φY (ω) of Y :
φY (ω) = exp
{
α
(
K∑
k=0
Pk exp(iωl
kmK−k)−
K∑
m=0
Pk
)}
Note that Y is a discrete random variable. Via a numerical
integral method detailed in [14], the cumulative distribution
function FY (x) of Y can be derived from its characteristic
function φY (ω).
FY (x) =
1
π
∫ π
0
sin [(x + 1)ω/2]
sin [ω/2]
ℜ
{
φY (ω) e
−ixω/2
}
dω,
(3)
where ℜ{·} is operator taking real part of complex number.
Cumulative distribution function FY can be numerically and
rapidly obtained by trapezoidal rule. Due to capture effect,
the transmission failure probability Qk of a packet on kth
retransmission is thus:
Qk = Pr
{
lkmK−k
Y
< Tthres
}
= 1− FY
(
⌊
lkmK−k
Tthres
⌋
)
, (4)
where operator ⌊x⌋ returns back the maximal integer not
greater than x.
Substituting (3) and (4) into (1), we get a fixed point
equation for probability vector 〈P1, ..., PK+1〉.
IV. WIDE-BAND IMPERFECT POWER CONTROL
We consider that data packets are transmitted with a wide-
band signal (e.g. by use of a spread spectrum technique).
Hence, there is no Rayleigh fading. The received power
level of packet transmission is influenced by imperfect power
control. The effect of imperfect power control in the literature
can be assumed to be a multiplier ǫ following log-normal
distribution [15]. Still let cref be the received power at the
base station without power control error. Normalized by cref ,
the received power pk for the kth retransmission, for a given
device with index i, can be written as follows:
pki = v
keβǫi,with β = ln(10)
10
The power control error factor ǫi is a zero-mean Gaussian
random variable with a standard deviation of σ, namely ǫi ∼
N
(
0, σ2
)
.
The cumulative interference I , caused by those terminals
simultaneously transmitting packet, during the kth retransmis-
sion is thus:
I =
K∑
m=0
vm
Nm∑
j=1
eβǫj ,
where Nm refers to the number of packets on kth retransmis-
sion and follows Poisson distribution with arrival rate αPm.
Due to capture effect, a kth retransmission trial is failed
under the condition that the ratio between received power pk
and cumulative interference I is less than a threshold Tthres,
namely:
K∑
m=0
vm−k
Nm∑
j=1
eβ(ǫj−ǫi) >
1
Tthres
Let focus the normalized cumulative interference Yk corre-
sponding to a packet on kth retransmission:
Yk =
K∑
m=0
vm−k
Nm∑
j=1
eβ(ǫj−ǫi)
=
K∑
m=0
Nm∑
j=1
e(m−k) ln(v)+β(ǫj−ǫi)
With substitution θ = (m− k) ln(v) + β (ǫj − ǫi), Yk =∑K
m=0 Zm =
∑K
m=0
∑Nm
j=1 e
θ
. Since Zm for m = 0, ...,K
are mutually independent, thus, the Laplace transform of Yk
is:
L{Yk} (s) =
K∏
m=0
L{Zm} (s)
=
K∏
m=0
expαPm
(
L
{
eθ
}
(s)− 1
) (5)
Random variable θ follows a normal distribution with
mean (m− k) ln(v) and variance 2β2σ2. Namely θ ∼
N
(
(m− k) ln(v), 2β2σ2
)
.
A closed form expression of the Laplace transform of the
lognormal distribution does not exist. According to refer-
ence [16], the Laplace transform of a log-normal random
variable can be approximated as follows:
L
{
eθ
}
(s) =
exp(−W (sσ
2
θe
µθ )2+2W (sσ2θe
µθ )
2σ2
θ
)√
1 +W (sσ2θe
µθ )
, (6)
where W (·) is the Lambert W function [17], which is
defined as the solution in principal branch of the equation
W (x) eW (x) = x.
Combining (5) and (6), with substitution s = −jw, we ob-
tain the characteristic function of cumulative function φY (w):
(7)
L [Yk] = exp
{
α
(
K∑
m=0
Pm√
1 +W (jωσ2θe
µθ )
· exp(−
W
(
jωσ2θe
µθ
)2
+ 2W
(
jωσ2θe
µθ
)
2σ2θ
)
−
K∑
m=0
Pm
)}
,
where eµθ = v(m−k), σ2θ = 2β2σ2.
As a continuous random variable, the cumulative distri-
bution function FYk (x) of Yk can be directly derived from
its characteristic function φYk (w), for example by use of
Gil-Pelaez Theorem [18]. However, directly using Gil-Pelaez
Theorem needs long time. Applying mathematical techniques
used in finance domain [19], we seek to calculate the Fourier
transform of e−ηxFYk (x) where term e−ηx is a damping
function with η > 0.∫ +∞
−∞
eiwxe−ηxFYk (x) dx =
1
η − iw
φYk (ω + iη) (8)
Applying Fourier inversion for (8), we obtain the expression
for FYk (x) as follows:
FYk (x) =
eηx
2π
∫ +∞
−∞
e−iωx
1
η − iω
φYk (ω + iη) dω
=
eηx
π
ℜ
{∫ +∞
0
e−iωx
1
η − iω
φYk (ω + iη) dω
}
,
(9)
The cumulative distribution function FYk (x) now can be
derived directly from (9) using a single numerical integration.
The transmission failure probability for the kth retransmis-
sion Qk is:
Qk = 1− FY
(
1
Tthres
)
(10)
Similar with what we do in Section III, combining (9)(10)
and (1), we can use fixed point method to get the solution for
probability vector 〈P0, P1, ..., PK〉.
V. SIMULATION RESULTS AND DISCUSSION
A. Accuracy of proposed models
To verify the accuracy of proposed analytical model, we
develop a python-based simulator. In this simulator, we define
N M2M devices. Each device generates a fresh packet with
probability of α/N in each slot. The total number of packets
generated by all devices during one slot approximately follows
a Poisson distribution with intensity α if α/N is enough small.
In case of transmission failure, a retransmission is scheduled
after a random number of slots following exponential distribu-
tion with mean of 36 slots. For the diversity of transmit power,
we consider three strategies: 1) identical transmit power level
v = 1; 2) incremented transmit power level with factor v = 2;
3) decremented transmit power level with factor v = 0.5. The
maximum allowed retransmission number K is set as 4. In
terms of capture effect, we confirm our analytical model under
three capture ratios: 3dB, 0dB, −3dB.
Due to the limitation of space, just the packet loss rate
comparison between analytical and simulation results (95%
confidence interval) of wide-band system with power control
error is shown in Fig. 1. We observe that, the proposed ana-
lytical results coincide with that of simulation in most cases.
There exists a difference between analytical and simulation
result in Fig. 1(c), when fresh packet arrival rate α is between
1.08 and 1.1. For regime of interest, from 10−3 to 10−1, the
proposed models give accurate estimation of packet loss rate.
For a given arrival rate α, with our proposed analytical mod-
els, the probability vector can be obtained within 30 iterations,
within several seconds. This means that the proposed models
can be integrated into M2M network dimensioning tools box.
B. Performance evaluation under different settings
The S-ALOHA in M2M networks is evaluated with packet
loss rate, throughput, energy efficiency. Due to limitation of
space, the performance of average number of transmission is
not plotted in the figure. We compare the performance under
power control error 0dB (i.e., perfect power control), 1dB,
3dB in each figure. The case of perfect power control serves
as comparison reference.
In Fig. 2 with capture ratio 3dB, we observe that the
imperfect power control has positive impact if v = 1, namely
with identical transmit strategy. When power control error
standard variance is 1dB, the performance of S-ALOHA
is identical with perfect power control case (the solid line
with stars completely superposes with solid line). When the
standard deviation of power control error is 3dB, the S-
ALOHA performance with identical transmit strategy gets
improved (comparing the solid line with square and solid line
with stars). In this case, power control error acts as a way
to make transmit power levels more diverse and improve the
performance. For other two strategies v = 2 and v = 0.5,
the imperfect power control degrades the performance of S-
ALOHA, because power control error reduces the transmit
powers levels diversity introduced by factor v. In Fig. 2(c), S-
ALOHA using identical transmit power outperforms than other
strategies in terms of energy-efficiency. The energy-efficiency
of decremental power strategy is always at low level, since
this strategy requires to start with high power levels.
Fig. 3 shows the comparison result under capture ratio 0dB.
In this case, the performance of S-ALOHA gets worse due to
power control error no matter which strategy is employed. For
all three power strategies, the performance of power control
error 3dB is better than that of 1dB, since serious power
control error makes the transmit power more diverse. With
such a capture ratio, the best choice of diversity strategy
depends on the privileged performance metric. For example,
for a network preferring energy-efficiency than throughout, S-
ALOHA with identical is its option. Otherwise, S-ALOHA
with incremental power strategy is better.
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Fig. 1: The packet loss rate of S-ALOHA under wide-band system. The power control error is 1dB. The power increment factor
v = 1, 2, 0.5 respectively correspond to the case: identical transmit power, incremental transmit power, decremental transmit
power. Simulation is repeated 40 times for each arrival intensity.
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Fig. 2: Performance comparison under capture ratio 3dB. Each sub-figure shows the comparison under three different power
control error standard deviation σ = 0, 1, 3dB. Note that σ = 0.0dB refers to the perfect power control case.
Fig. 4 where capture ratio is −3dB refers to a spectrum-
spreading system. In this case, the power control error always
has a positive impact on S-ALOHA. S-ALOHA achieves a
better performance when the power control is more precise.
In addition, the choice of transmit power diversity depends
on fresh packet arrival rate. For example, when the standard
deviation of power control error is 1dB, if networks based on
S-ALOHA are still unsaturated (i.e, with fresh arrival rate less
than 1.1), identical strategy is better than others. With arrival
rate greater than 1.1, the throughput is sharply reduced. The
decremental strategy starts to be a better choice.
VI. CONCLUSION AND OUTLOOK
In this paper we have presented an accurate analytical model
capable of estimating steady-state performances, i.e., packet
loss rate, throughput, energy efficiency and average number
of transmissions, of S-ALOHA based LPWAN networks. The
model accounts for various performance-affecting factors, such
as capture effect, diversity of transmit power levels, power
control error, which have not been jointly considered in
previous researches and can not be handled by widely used
Bianchi’s model.
We employ numerical integration method to calculate cu-
mulative distribution function (CDF) of total inference from its
corresponding characteristic function and fixed point analysis
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Fig. 3: Performance comparison under capture ratio 0dB. Each sub-figure shows the comparison under three different power
control error standard deviation σ = 0, 1, 3dB. Note that σ = 0.0dB refers to the perfect power control case.
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Fig. 4: Performance comparison under capture ratio −3dB. Each sub-figure shows the comparison under three different power
control error standard deviation σ = 0, 1, 3dB. Note that σ = 0.0dB refers to the perfect power control case.
to solve the problem. The computational complexity is reduced
by combining the recent research effort about log-normal sum
(LNS) approximation problem and mathematical skills largely
used in finance domain. The accuracy of the proposed model
is confirmed by simulation. Due to its low complexity, our
model can be used as a dimensioning tool to accurately and
rapidly estimate the steady-state system outage capacity and
throughput of S-ALOHA-based LPWAN networks. With our
proposed models, we also obtain some design guidelines for
S-ALOHA.
In future work, we will add the performance evaluation for
narrow-band systems where fading is considered. We will also
take into account the impact of interferences from multiple
base stations in the proposed model.
APPENDIX
A. Sum of a random number of random variables
Theorem: a compound random number S =
∑N
i=1Xi,
where Xi are independent identically distributed, N follows
Poisson distribution and is independent from Xi. Let S be
0 if N = 0. The Laplace transform of X is L{S} (θ) =
expλ (L{X} (θ)− 1).
Proof: The Laplace transform of S is:
L{S} (θ) = E
[
e−θS
]
=
∑
n≥0
E
[
e−θS|N = n
]
P (N = n)
We have E
[
e−θS|N = 0
]
= 1, moreover, for n ≥ 1,
E
[
e−θS|N = n
]
=
n∏
i=1
E
[
e−θXi
]
= (L{X} (θ))n
The probability generating function GN (z) of N is:
GN (z) =
∑
n≥0
znP (N = n)
With substitution z = L{X} (θ), we have:
L{S} (θ) =
∑
n≥0
(LX [θ])
n
P (N = n) = GN (L{X} (θ))
If N follows Poisson distribution with mean λ, its probability
generating function GN (z) = eλ(z−1). Thus the correspond-
ing Laplace transform is as follows:
L{S} (θ) = expλ (L{X} (θ)− 1) (11)
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